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GEOSTATISTICS, A POWERFUL TOOL IN THE
EVALUATION OF ENERGY RESOURCES
Jean-Michel M. Rendu
University of Wisconsin
Madison, Wisconsin

Abstract
Whether it is due to an increasing demand for energy resources, or to increasing envi
ronmental and technical constraints on the quality of these resources, the need for
improved methods for the evaluation of low grade energy deposits is increasingly
recognized. Many mineral deposits, such as uranium deposits, are characterized by skew
sample value distributions, typically lognormal distributions. The purpose of this
paper is to study the properties of some traditional and geostatistical methods applied
to the local estimation of mineral deposits with lognormal value distribution, and to
draw conclusions concerning the methods likely to give the best results. Some of these
conclusions will be independent of the sample value distribution, and will therefore
apply to coal as well as uranium deposits.
1.

2.

INTRODUCTION

It is generally recognized that there is a great need

2.1

for improved procedures to calculate the ore reserves
in all mineral deposits.

divide it in blocks, and to calculate a value for each

evident in orebodies characterized by skew sample value

block.

distributions, such as uranium deposits, where the in

significant errors.

Similar problems, but

The estimated block values are

input to decisions concerning mine planning, grade con

not as severe, are observed in coal deposits, with more

trol, selective mining, and other activities of vital

The theoretical

properties of the geostatistical methods of ore reserve

A major problem stems from the fact that the

estimation of the block values is always subject to

fluence of a few samples with extremely high values is

symmetrical sample value distributions.

GENERAL CONSIDERATIONS

To evaluate a mineral deposit, it is common practice to

This need is particularly

difficult to assess correctly.

METHODOLOGY

importance to the viability of the mining project.

An

incorrect block estimation can have significant reper

calculation indicate that these methods should be pre

cussions on the short term as well as the long term

ferred to any of the more traditional methods.

operation of the project.

Never

A number of traditional and

theless acceptance of geostatistics by the mining in

geostatistical methods exist, which can be used to

dustry is limited, as there are insufficient follow-up

estimate block values.

studies to prove that the theoretical properties of the

and taking into account the geostatistical properties

geostatistical methods are maintained in real world

of the sample values as well as the geological charac

situations.
such a proof.

It is the intent of this paper to give

teristics of the. orebody, it is possible to determine

Both traditional and geostatistical

which method is likely to give the best results.

■nethods will be used to estimate blocks of ore in a
deposit with log-normal sample value distribution.

Using theoretical geostatistics,

How

ever, this approach is based on the assumption that a
The

specific geostatistical model satisfactorily represents

estimated block values will be compared to the true

the properties of the mineral deposit.

block values, and conclusions will be drawn concerning

analyze the properties of a given method of ore reserve

the method of ore reserve calculation most likely to

estimation, one should compare estimated block values

9ive the best results, taking into account the type of

with true block values.

mineralization to be valued.

methods is most desirable, one should Identify the one

Ideally, to

To determine whichone of two

for which the estimated block values are closest to the
true block values.

095

Unfortunately in most mineral

deposits, the true value of the ore blocks will remain

samples 1s available for block estimation, for example

unknown even after the blocks have been mined out.

only the samples located on an incomplete regular grid

Hence most comparisons between the many methods of

with grid spacing 125 ft. by 125 ft.

This subset can

block estimation are based solely on theoretical con

be used to calculate an estimated block value X.

siderations rather than on follow-up studies, and when

ferent methods can be used to calculate X from the sub

follow-up studies are completed they often fail to be

set of sample values, and a comparison of X and Y will

conclusive due to lack of sufficient data.

indicate which one of these methods is most desirable.

2.2

The steps followed to complete this analysis are sum

DATA DESCRIPTION

marized below (see Fig. 1):

In this paper, values from a section of a South-African
gold mine have been used.

Dif

(1)

These values have been cho

The orebody is divided in blocks of size 125
ft. by 125 ft., and the "true"block value Y

sen because a large number of sample values are avail
able, the values are log-normally distributed, and their

is calculated for each block by averaging all

geostatistical properties are well known^1).

the samples in the block.

It is
(2)

recognized that in many respects the properties of gold

It is then assumed that only the samples at

values are different from the properties of uranium or

the center of each block are available for ore

coal sample values.

reserve calculation.

However many similarities remain.

These samples are located

The results obtained will be applicable to mineral de

on an incomplete regular grid with spacing 125

posits with log-normal value distributions; uranium de

ft..

posits belong to this category.

is composed of about 200 samples (the exact

Some of the conclusions

number of samples is a function of the loca

drawn from this analysis will be independent of the

tion of the first grid point).

sample value distribution; these concTusionswil1 have
(3)

general applicability to other deposits such as coal
deposits.

Because of missing samples, this subset

Using the subset of sample values, each block
of size 125 ft. by 125 ft. is estimated.

Finally, gold values present an extremely

Five

high degree of variability and the problems and benefits

different methods of block estimation are used,

associated with the use of various methods of ore re

as described in section

3 below.

A different

serve calculation are likely to be accentuated, and

block estimate X is obtained for each block

therefore more visible.

and each method of block estimation.
(4)

The data originate from a section of the Hartebeestfontein Gold Mine, located in the Transvaal Province of
South Africa.

section 4, and the results are analyzed in

The section measures 3275 ft. by 1900

section 5.

ft., and contains 5114 samples located on an incomplete
grid, with grid spacing 25 ft. by 25 ft.

3.

A detailed

description of the data and a study of their geo
statistical properties was published by KrigeO).

Finally, the values of X and Y are compared.
The methods of comparison are described in

METHODS USED TO CALCULATE
THE BLOCK VALUES

3.1 TRADITIONAL METHOD OF BLOCK ESTIMATION

(The

mine section studied in this paper is numbered section

Only one traditional method of block estimation has

303 in Krige's paper.)

been considered, the polygon

2.3

mated by the value of the sample at its center.

As mentioned earlier, the major difficulty in the com

sample.

culation, stems from the need to be able to compare

3.2

In the

data base available, the sample values are located on a

3.2.1.

average value of all the samples falling within a fairly
ft., this average gives a reasonable unbiased estimate
X of the true block value.

GEOSTATISTICAL METHODS OF BLOCK ESTIMATION

If we calculate the

large block, for example a block of size 125 ft. by 125

No

attempt was made to estimate blocks with missing center

parative study of various methods of ore reserve cal

25 ft. by 25 ft. grid spacing.

For each block

containing one center sample, the block value is esti

GENERAL DESCRIPTION OF THE METHODOLOGY

true block values with estimated block values.

method.

Geostatistical Ore Reserve Estimation, an
Over-view

To calculate the value of a block of ore using a geo
statistical approach, all or part of the following
information may be needed(2)(3)

Note that 1n a 125 ft. by

(1)

125 ft. block there could be up to 25 sample values. We

The average value u of the mineral deposit.
Typically, this will be estimated by the mean

can now assume that only a subset of the 5114 original
696
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Calculation of True and Estimated Block Value

of all the available samples in the deposit.

This relationship indicates that the difference between

The variance a 2 of all the possible samples in

sample values is a continuously increasing function of

the deposit.

the distance h between samples.

Typically, this will be estimated

by the variance of the available sample values.
If the values are log-normally distributee, the
logarithmic variance ae 2 will be estimated by

samples, in such a way that the error of estimation is

val ues.
The semi-variogram y(h).

been determined, it is possible to estimate the unknown
value of a block from the value of the surrounding

the variance of the logarithm of the sample
(3)

Once the geostatistical properties of the deposit have

minimum.

If the sample values

If Y is the true (unknown) block value, and

X the estimated block value, the error of estimation is

and log-normally distributed, the logarithmic

measured by the expected square difference between X

semi-variogram ye (h) will be used.

and Y :

The semi-variogram is used to quantify the similarity

E[(X - Y)2 ] = error of estimation

between sample values, and shows how this similarity

(3)

decreases when the distance between samples increases.

It is desirable that this error be minimized.

If h is the distance between two samples, x(z) the

exists a number of geostatistical methods which can be

value of the first sample centered at point z and x(z+h)

used to obtain a minimum error estimate for the block

the value of the second sample centered at point z+h,

value, the method to be used being a function of the

the value of the semi-variogram for a distance h is one-

information available and the sample value distribu
tion^) (3)

half the expected square difference between x(z) and
x(z+h), when z and z+h take all possible positions in
the orebody.

3.2.2

This will be written:

Y(h) = j E[(x(z) - x(z+h))2]

There

Kriging

The most commonly used geostatistical method is the
(1)

Kriging method with unknown m e a n .

If xi is the value

of the i-th sample, and n samples are retained to es

If the sample values are log-normally distributed, the
logarithm of the sample values will be used to calculate

timate the block, the block estimate will be:

the semi-variogram.
X =

Various models of semi-variograms can be found in the
literature.

In this paper, the de Wijs model has been

used, as proposed by K r i g e ^ and R e n d u ^ .

" b. Xi
i=l 1 1

(4)

where the weights bj are chosen such that the error

The follow

ing equation represents the semi-variogram of the sample
values, the distance h between samples being measured in

of estimation is minimum.

It can be shown that these

weights can be calculated provided the semi-variogram
y(h) is known.

feet:
If the mean u of the orebody and the variance o2 are
Ye (h) = 0.355 + 3*0.027 (Ln £5 - |)

(2 )

also known, the Kriging method with known mean can be
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used.

The block estimated value is given by:

of the orebody y:

The expected value of X

should be equal to y:
X = P +

£
i=l

3.2.3

b, (x. - y)

1

1

(5 )

E[X] = y
(2)

Logarithmic Kriging

and will usually not be equal to X, but the

Kriging method with unknown mean can be
if fhg mean y is a-|so Known, Logarithmic

average value of Y should be equal to X:
X.

Application

E[Y/X] = X

To estimate a block of size 125 ft. by 125 ft., only

(3)

the sample in the center of the block (if any), and the

(7)

The error of estimation, measured by the
difference between true block value Y and

sample at the center of the 8 surrounding blocks have
was thus retained.

The

expected value of Y given X should be equal to

Kriging with known mean can be used.

been considered (Fig. 1).

The

true block value Y will change with each block,

and logarithmic semi-variogram yg (h) are known, the

3.2.4

Consider all the blocks in the ore-

body whose estimated value X is the same.

normally distributed, and the logarithmic variance ag2
Logarithmic
used(5)(6)_

The block estimates should be locally un
biased.

If the sample values and the block values are log-

(6 )

estimated block value X (see equation 3 above)

A maximum of 9 sample values

should be as small as possible.

Four geostatistical methods have

When X and Y

are log-normally distributed, the logarithmic

been used for evaluation;

error is used:

- Kriging With unknown mean

E[(Ln(X) - Ln(Y))2] = a minimum

- Kriging with known mean
4.2

- Logarithmic Kriging with unknown mean
- Logarithmic Kriging with known mean

(8 )

MATHEMATICAL METHOD OF ANALYSIS

For each block estimated using a given geostatistical

The theory of geostatistics indicates that all of these

method, we have a "true" block value Y (obtained from

methodsshould give better results than the polygone

all the samples in the block) and an estimated block

method.

value X (obtained from the samples at the center of the

Better estimates can be expected if the mean y

of the orebody is taken into consideration, and if the

block and at the center of the 8 surrounding blocks).

logarithmic distribution is recognized.

To verify that equation 6 is satisfied, the average

Note that in this analysis, we used the mean y, the
.

O

variance aec and the semi-variogram Ye(h) which were
obtained by Kr ige^) from the analysis of all 5114
sample values.

In practice, if only 200 samples were

available for ore reserve calculation, the geostatisti
cal parameters would have to be estimated from these
200 samples.

Then two problems would have to be con

sidered, one being the problem of estimation of the
geostatistical parameters from a small number of sam
ples, the other being the problem of determination of
the optimal method of ore reserve estimation.

It is

not our purpose to consider the first problem, and only
the second one is treated here.
4.
4.1

METHODS USED TO COMPARE THE BLOCK ESTIMATES

DESIRABLE PROPERTIES OF A BLOCK ESTIMATE

value X of X for all the blocks is compared with the
average value 7 of Y.

X and 7 should be equal.

To

verify that equation 7 is satisfied, the average value
Y* of Y is calculated for all the blocks whose estimat
ed value X falls in a small interval X, X + dX.

The

corresponding average value X* of X is also calculated
(X* will fall between X and X + dX) and the two aver
ages are compared (fig. 2a).

If Y* is systematically

greater than X*, the method of estimation under
estimates the block values.
less than X*, the method
values.

If Y* is systematically

overestimates the block

Most estimation methods underestimate the poor

areas of the mine (areas in which Y is less than the
mine average y) and overestimate the rich areas (areas
in which Y exceeds y).
To measure the error of estimation (equation 8 ), the

Some of the desirable characteristics of any method of

square difference between Ln(X) and Ln(Y) is calculated

estimation are the following:

for each block, and the average is obtained for all the
blocks.

(1)

The block estimates should be globally unbiased.

The average value of all the block

4.3

estimates should be equal to the average value
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GRAPHICAL METHOD OF ANALYSIS: REGRESSION ANALYSIS

2— b

Fig. 2

ESTIM ATIO N OF THE
FIRST REGRESSION CURVE

Regression Analysis

The properties of a block estimation technique can best

Also of interest in the graphical analysis 1s the sec

be evaluated graphically using the method of regression

ond regression curve, which gives the expected estimated

analysis^)(3'.

block value X as a function of the true block value Y,

each block.

Two values X and Y are obtained for

Each block can be represented as a point

in the X Y plane (fig. 2-a).

E[X/Y].

If we consider all the

This curve 1s obtained by considering all the

blocks whose true value falls in a small interval Y, Y

blocks in the orebody, we obtain a cloud of points, or

+ dY, and by calculating the average value of X and Y

scatter diagram.

for these blocks.

Ideally these points should all be

It can be shown that if X and Y are

located on the first diagonal, which would indicate

normally distributed, the two regression curves are

that the estimated value X is always equal to the true

straight lines on arithmetic graph paper.

block value Y.

are lognormally distributed, the regression curves are

This will never be the case, and we

If X and Y

wish to find the method of estimation which best approx

straight lines on logarithmic graph paper.

imates this ideal situation.

od of estimation is globally unbiased (equation 6 is
satisfied), the two regression curves will intersect on

We explained in section 4.2 how the average value Y* of

the first diagonal, at the point X = Y = u.

Y can be calculated for values of X falling in a small
interval X, X

+ dX.

was also calculated.

The corresponding average value X*
Y* is an approximation of E[Y/X*]

If the meth

The second

regression curve always has a slope higher than the
first regression curve.

*nd it was said that ideally Y* should be equal to X*.

This last remark has an Interesting corollary.

if we calculate Y* and X* for all successive intervals

using the polygon

When

method of estimation, we give to each

of width dX, and plot the corresponding points in the

block the value X of its center sample.

XT plane (fig. 2-b), we obtain a curve which approxi

all the blocks whose true value Y is the same, we expect

If we consider

mates the first regression curve, which gives the ex

that the average value of the center samples will be

pected value of Y as a function of X.

equal to Y:

Ideally we would

iike this curve to be the first diagonal.

E[X/Y] = Y

In most sit

uations, overvaluation of the rich blocks and under

(9)

This equation indicates that the second regression curve

valuation of the poor blocks is indicated, as shown in

is the first diagonal.

f19- 2-b.

ing a lesser slope, the polygon
699

The first regression curve h a v 
method will system-

TABLE 1
Comparison of Five Methods of Ore Reserve Estimation

Evaluation
Method

Study of
Global Biase

Study of Local Biases
Rich blocks
Poor blocks

Logarithmic
error
Variance

Ranking

Polygone

Unbiased

Over-valued

Under-valued

.52

5

KrigingUnknown mean

Unbiased

Over-valued

Under-valued

.20

4

KrigingKnown mean

Unbiased

SI ightly
Under-valued

SI ightly
Over-valued

.15

2

Log-KrigingUnknown mean

Unbiased

Over-valued

Under-valued

.18

3

Log-KrigingKnown mean

Unbiased

Unbiased

Unbiased

.14

1

- ---

over estimate the rich blocks and underestimate
the poor blocks (fig. 3).
5.

RESULTS

g

Five methods have been used to estimate the block values:
- the polygon

-...

§

method (fig. 3)

- Kriging with unknown mean (fig. 4)
- Kriging with known mean (fig. 5)
- Logarithmic Kriging with unknown mean (fig. 6)
- Logarithmic Kriging with known mean (fig. 7)
The block estimates have been compared to the true
block values, using the mathematical and graphical meth
ods described above.

The graphical results are given in

fig. 3 to 7, and the mathematical results in Table 1.
An analysis of these results shows that the polygon
method gives the worse estimates with the most signifi
cant biases and the largest error of estimation.

The

Kriging method with unknown mean gives very signifi
cantly improved results, but a local biase remains.

The

FIG. 3

Regression Analysis - Polygone Method.

Logarithmic Kriging method with unknown mean is slightly
better than the Kriging method with unknown mean.

The

Kriging method with known mean indicates excess regres

logarithmic approach would obviously not be justified.

sion, the rich blocks being slightly under-valued, and

The geostatistical method most conmonly used is Kriging

the poor blocks over-valued.

with unknown mean.

The Logarithmic Kriging

We have shown here that, for the

method with known mean gives the best results, the block

type of data processed in this study, this method is

estimates being both globally and locally unbiased

not optimum.

(this is indicated by a first regression line identical

from the results of this analysis that Logarithmic

to the first diagonal), and the error of estimation
being minimum.

method when processing sample values with log-normal

These results were expected and can be explained by
geostatistical theory.

In the case of normally dis

tributed sample values, the Kriging method with known
mean should give the best results, and use of the

However one should be careful in deciding

Kriging with known mean is always the most desirable
distribution.

In orebodies presenting significant zones

of enrichment, and systematic drifts (trends) in values,
the Introduction of the sample mean in the model used
for estimation might introduce very significant local
biases.
700

In such situations, introduction of a local

FIG. 4

Regression Analysis-Kriging with Unknown Mean.

FIG. 6

Regression Analysis-Logarithmic Kriging with
Unknown Mean.

FIG. 5

Regression Analysis-Kriging with Known Mean.

FIG. 7

Regression Analysis-Logarithmic Kriging with
Known Mean.

70 1

mean could be more desirable.

Alternatively one may

Vol. 76, No. 9, April 1976, pp. 392-399.

wish to consider farther samples to evaluate a block.

5.

In this study only the 9 closest possible samples were
retained.

One could decide to consider the 25 closest

samples instead.

titute of Mining and Metallurgy Monograph Series,

More research in this direction would

1978, 40 pages.

be useful .
6.

Krige, D. G. (1978) Lognormal - de Wijsian geostatistics for ore evaluation, South African Inst,

6.

CONCLUSION

Marechal, A. (1974) Krigeage normal et lognormal,
Ecole Nationale Superieure des Mines de Paris,

The most important conclusion which can be drawn from

Centre de Geostatistique, May 1974, 10 pages.

this study is that the results expected according to
geostatistical theory are verified in practice.

7.

In the

basic mine valuation problems on the Witwatersrand,

case of mineral deposits with lognormal value distribu

Journal of the Chemical, Metallurgical and Mining

tion such as uranium deposits, Logarithmic Kriging will
usually be the most desirable method of estimation.

Krige, D. G. (1951) A statistical approach to some

Society of South Africa, Vol. 52, No. 6, Dec. 1951,

In

pp. 119-139.

the case of deposits with normal value distribution,

9.

such as coal deposits, Kriging should be preferred. The
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